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Abstract

In this paper we show that flexible probability distribution functions, in addition
to been able to capture stylized facts of financial returns, can be used to identify pure
higher-order effects of investors’ optimizing behavior. We employ the five-parameter
weighted generalized beta of the second kind distribution —and other density func-
tions nested within it— to determine the conditions under which risk averse, prudent
and temperate agents are diversifiers in the standard portfolio choice theory. Within
this framework, we illustrate through comparative statics the economic significance of
higher-order moments in return’s distributions.
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1 Introduction

Flexible probability distribution functions (pdfs), which we refer to as pdfs with more than
two parameters, are typically employed in the finance literature to capture asset returns
skewness and excess kurtosis. Economic theory shows that higher moments of distribution
matter for asset allocation because they are closely linked to higher-order risk preferences
such as downside risk aversion or prudence, and temperance (see Menezes et al., 1980;
Kimball, 1990; Guidolin and Timmermann, 2008).

In this context we show that the five-parameter weighted generalized beta of the second
kind (WGB2) pdf is of particular interest because it allows to identify the relationship
between higher-order moments and ‘pure’ higher-order risk preferences. The WGB2 nests
densities such as the generalized beta of the second kind (GB2), generalized gamma (GG),
log-normal (LN), gamma (g) and Weibull (W), which is critical to isolate the direct
relationship between nth-order moments and nth-order risk attitudes.!

The flexibility of the WGB2 is clearly an advantage relative to two-parameter pdfs
that have limitations in portfolio choice analysis. This is the case because pdfs can only
be comparable in terms of one risk preference but not in terms of more than one. To
illustrate our argument we employ the example given by Feldstein (1969) in his seminal
paper. Feldstein demonstrated that the investor’s decision to do not diversify, or plunge,
i.e., optimally allocate all their wealth in risky assets, could occur for reasonable values
of expected return and variance of the risky asset assuming log-utility and a log-normal
distribution.? We show that flexible pdfs can keep low(er) moments fixed while modifying
others, high(er) moments, that capture risk preferences other than risk aversion. We derive
the conditions, within the standard portfolio choice model, under which investors that are
risk averse, prudent and temperate, are diversifiers. Our analysis thus critically illustrates
the role of the assumed pdf on the relation of higher moments and portfolio decision within

this simple, yet relevant, theoretical framework.

2 Theoretical framework: portfolio choice model

Consider a two-asset (risky/riskless) economy in which an investor with initial wealth wq

decides to invest a proportion, 0 < 6 < 1 (ruling out short selling), in the risky asset so that

!See McDonald (1984) and Ye et al. (2012) for the theoretical properties of these densities and their

applications in economics and finance.
2Agents investing all their liquid wealth in risky assets is a common assumption in models of asset

allocation (see e.g. Brunnermeier and Nagel, 2008).



after one period expected wealth becomes
W= (1—-0)wo+ OwoE(r), (1)

where E(r) is the expected gross rate of return of the risky asset.

For the investor’s preferences we assume a log-utility function, u;(w) = In(w).® This
utility displays the features that characterize higher-order risk preferences such as prudence
(or downside risk) and temperance, i.e. u” > 0, and u" < 0, respectively (Eeckhoudt and
Schlesinger, 2006).*

The representative agent maximizes her expected utility (EU) by choosing the proportion

f to invest in the risky asset,

maxEly [u(w)] = maxEy fu (1 - O)un + buor)]
— maxE {u (wo [1+ 0 ~ 1)} (2)

Following the analysis in Feldstein, the conditions under which the investor will maximize

E¢ [u(w)] by holding only the risky asset are,

§r(u(w);0) > 0VOe€(0,1) (3)
Er(uw);0)],_, > 0, (4)

where £ (u(w); 0) = %. For log-utility (2) becomes®

max (£ [ur(w)]) = max (In(wo) + Ey {In[1+ 0 (r — 1)]}). (5)
§p(ur(w);0) = By {#741_1)1 is (i) positive for # = 0 (equation (6)), and (ii) a strictly

decreasing function of # for all 6€ [0,1] (equation (7)),% therefore E; [u;(w)] has a unique

global maximum at ¢ = 1 for all admissible 6 if condition (8) &(u1(w);0) > 0 holds

}9:1

3For example Gandelman and Hernéndez-Murillo (2014) estimate the coefficient of relative risk aversion
for 75 countries and suggest that it varies closely around one. Hartley et al. (2014), in the context of

attitudes to risk in a game show, suggest that log-utility is a good approximation to agents’ utility function.
4We extended the analysis by considering an alternative (power) utility function for which we obtained

necessary (but not sufficient) plunging conditions. These results are available from the authors upon request.
5This model could easily be extended to a dynamic framework because for log-utility the optimal one-

period 6 is the same as the multi- period 0 (Brandt, 2010)
6Note that 22U — 0 ) f(r)dr = [ 249 f(r)dr = E [au(wq '
~ 20 f




(Feldstein, 1969, p.9),

Er(ua(w);0)],_, = Erlr—1]>0, (6)
O (ur(w);0) (r—1)

— = = EfLL+MT_Dy]<OV9€mJL (7)
Eiun(w);0)|,_, = 1—Ef(r7') >0. (8)

2.1 Conditions for optimal choice under alternative return’s pdfs

In this section we derive the theoretical condition for optimal choice (8) under alternative
return’s pdfs and express it in terms of the pdfs’ central and raw moments. Table 1 displays
the density and moment generating functions (mgfs) for the five-, four- and three-parameter
pdfs WGB2, GB2, and GG, respectively.

[Insert Table 1]

For the WGB2 case, using its mgf and the expression for b derived from its first raw

moment, we can express condition (8) as,

IT(p+2 -1 (g—424+1
1_ B () - AR g @_E 250
b Tp+)Te—7)

Pp+i+ )T (g2 )T (p+2-)T(¢—2+7)

L2 (p+ )T (¢~ %)

Hereafter m; ; denotes the th-central moment of f. Similarly, for the GB2 pdf the optimal

(9)

miwap2 =

condition is

Lo TG Hr -+

L (p)°T (g)° '

McDonald (1984) demonstrates that the substitution b = ¢*/¢/a as ¢ — oo in the GB2

generates the GG pdf with shape parameters a > 0 and ¢ > 0, and scale parameter p > 0.7
Thus, condition (8) for the GG is given by

Lp+ )T —2)

I'(p)  T(p)

This expression allows us to obtain results for other distributions nested within the GG. For

mi,GB2 = (10)

(11)

micaq =

instance, in the case of the two-parameter gamma pdf the condition for investors to allocate

"The GG family nests the gamma (¢ = 1), exponential (p,c) = (1,1), Weibull (p = 1), log-normal
(p — o0) and Rayleigh (p,c) = (1, 2).



all wealth in the risky asset can be solved solely in terms of the first and second moment,

and is obtained as

I'(p—1
L_B () =1—a® -1 5 g
I'(p)
_ Fp+1)T(p—1)
1y _
1-—E;(r't)=1- oz 20
mig (p)
which can be expressed in terms of central moments as
magq
1— a - 1 7,2'7'17 g 2 O,
p—= 1 mlg 1
ma.q
mig Z 1+ m279.
ng

For the case of the Weibull pdf the condition for the optimum is

1 1

(12)

(16)

Finally, we analyze the standard case of the log-normal pdf -assumed in Feldstein (1969),

i.e., we assume that the logarithm of the risky asset (gross) return, In(r), follows a Normal

distribution with parameters m and v

1
O(r;m,v)= ez
rUV2m

( In(r)—m )2

, 0<r <oo.

The mgf of this distribution is given by

te oy = Ealr'] = /th>(r; m,v)dr = etm+%t2”2, vVt € R or Vt € C.

Thus, 6 = 1 is optimum if the condition below holds
o(ur(w);0;m,v)|pmy =1 Eg (r™") >0,

which is expressed as

—
Y
ml
3
+
N|=
<
o

m > —v°.

. 1,2 2
Given that = e™2%" and = e?mt2v
LLN 9. LN

the condition above is:

(17)

(19)

(20)
(21)

2Inp 1y —

%ln Mo LN = %ln o N — gy gy, or 3Inpuy gy > Inpy . So we can write the condition for



the optimum in terms of either the parameters (equation (21)), the first two raw moments

(equation (22)) or the central moments (equation (23))

(22)

2
Mo LN — M1 LN
2 )

M1 LN

M1 LN > <1+

m
mi LN Z 1 + miLN. (23)
1,LN

3 The effect of higher-order moments in the investor’s

decision

In this section we employ specific parameter values of the pdfs to illustrate the fact that more
flexible pdfs allow the researcher to interpret portfolio decisions in terms of investors’ broad
risk profile rather than only in terms of risk aversion. The advantage of using the WGB2,
and its nested pdfs, is that it allows to keep low(er) order moments constant while modifying
high(er) order moments in order to examine the ‘pure’ effect that higher-order preferences
play in portfolio selection. We note that previous studies in the literature typically limit
their analysis to the impact of higher-order moments in portfolio weights, but they do not
explicitly relate those weights to higher-order preferences.®

As the baseline for our comparison we employ the values in Feldstein, i.e., my pny = 1.05,
a net return of 5%. For this mean value, allocation of wealth in the risky asset will
occur from condition (23) if the variance of the risky asset mo ny < 0.055125, or similarly,
unless the standard deviation is about more than four times the expected net return, i.e.,
m;/ L2N > (0.23479. When the risky asset pdf has two-parameters, any two moments are
sufficient to determine the optimal portfolio allocation. With a mean of 1.05 and a variance
of 0.055125, the third central moment of the log-normal takes the value of 0.008826 and the
fourth central moment 0.011667. The value of the variance appears practically relevant and
hence Feldstein’s original question as to why we do not appear to observe more investors
not diversifying. In fact, if we consider an alternative two-parameter distribution such as
the gamma (nested within the GG when ¢ = 1, Table 1) and still assume m;, = 1.05,
no-diversification is less likely since it occurs for a lower upper bound of the variance than in
the log-normal (see Table 2, Panel A).? Consequently, the Feldstein question could be even

more salient.

8 A paper that it does provide such a direct link is Niguez et al. (2016).
9 Also note that for the Weibull no-diversification occurs when its variance is smaller than the variance of

the gamma and log-normal.



For the distributions with three, four and five parameters the conditions for agents
to diversify depend on the higher moments but closed form analytic solutions cannot be
obtained. In Table 2, Panel B, we show parameter values for two GG distributions that
yield the same mean and variance as the lognormal presented above. However, for those GG
pdfs investors would diversify rather than allocate all the wealth in the risky asset.!® This
critical shift in the investors’ optimal portfolio decision is due to downside risk aversion. The
GG pdfs in this example imply more downside risk than the lognormal does, that is, they
involve a transfer of probability weight leftward in the distribution preserving its mean and
variance, making the individual worse off by such a change and therefore willing to diversify.

Employing an even more flexible pdf, the WGB2, where the optimal conditions are
given by equation (9), we can demonstrate the effect of the fourth central moment. Using
the same values of the mean, variance, and skewness that imply agents are no-diversifiers
when the distribution is log normal, we find parameter values for the WGB2, namely,
(p,c,q,b, k) = (4.92879,2.80226,6.5,1.1025791,0.7), such that the individual diversifies
rather than allocates all wealth in the risky asset. This is because the value of the
fourth moment for the WGB2 is higher than that for the log normal (mgywgp: =
0.01224027, my 1y = 0.01162909)."" Figure 1 illustrates the differences of the pdfs considered
in this latter example.

[Insert Table 2 and Figure 1]

4 Conclusions

In this paper we showed that flexible pdfs that are typically employed to capture stylized
features of asset returns such as skewness and leptokurtosis are a useful tool to assess the
impact that higher-order moments have on the optimal behavior of investors. In particular,
the five-parameter WGB2 allows the identification of pure effects that higher-order risk
preferences such as prudence and temperance have on portfolio choice. This is the case
because low(er) order moments can be held equal across alternative pdfs while high(er)

moments can be modified to reflect agents’ preferences.

10The EU for those two GG is lower than the EU of the log-normal. In particular, EU;y = 0.0243951,
(hereafter EU; denotes EU under density f) and for the two GG in Table 2 Panel B, EUgq = 0.0227413

and EUgqe = 0.0237374.
T An application of the no-diversification conditions derived in this section, for the S&P500 index data

in Robert Shiller’s webpage, is available upon request. We find that the fitted distributions that are most
flexible (GB2, GG) display closer moments to those of the data and present better fit according to information

criteria.
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FIGURE 1. Pdfs of the log normal (black solid line) and WGB2 (blue dash line).



Tables

TABLE 1

Density and moment generating functions of the generalized distributions

pdf mgf = E[r']
cp+k—1 bl (p + k + N[(g— k-t
WGB2(r; k,c,b,p,q) =l - (v : 2 z U kC) g iy d
brtkT (p+ £) T (g — &) (1 + 55)rte L(p+ 20— )
er=1p VT (p+ 4T (qg—1
GB2(r;¢,b,p,q) il s qr)c L)l
brT (p) I (q) (1 + z)Pte I'(p)T'(q)
caPrer—le=(ar)® 10(p+1)
GG(r;a,p,c — o\
( ) I'(p) a* _T'(p)

Notes: Pdfs and mgfs of WGB2, GB2 and GG distributions. F(p) = fooo e "rP~1dr denotes the gamma
function. Parameter k controls the shape and skewness of the WGB2 density, which nests the GB2 when
k = 0, which, in turns, nests the GG when b = ailql/c as ¢ — 00.

10



TABLE 2

GB2-class of densities and diversification: Range of moments and pdf specification

GB2 GG gamma Weibull log-normal
Panel A. Maximum msy for which ND holds within a class of pdf
ms 0.0581 0.055125 0.05250 0.043580 0.055125
ms 0.0141 0.008826 0.00525 -0.00323 0.008826
ND Yes Yes Yes Yes Yes

Panel B. Examples of GG distributions with same (m;,ms) as log-normal in Panel A

GG that nests log-normal: (¢, p,a) = (2,5.11592,2.1022)

Mo 0.055125 0.055125

ms 0.003034 0.008826

ND No Yes
GG that nests log-normal: (¢, p,a) = (0.81694, 30,61.503)

Mo 0.055125 0.055125

ms 0.006324 0.008826

ND No Yes

Panel C. Example of two GB2 pdfs with same (my, sk) and ND holds for higher m
GB2 with (my, sk) = (1.05,2.194406)

P 177451 22
c 7.574 45
q 0.85 1.5
b 0.88208 0.52162

Mo 0.06819 0.06836
ND No Yes

Notes: Summary of the condition under which the investor would optimally allocate all wealth in the risky
asset (ND) for the examples of the GB2 pdfs presented in this section. For all cases m; = 1.05 and mj
denotes the maximum variance so that no-diversification (ND) condition holds.
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